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Abstract—Various categories of fuzzy tri-ideals
within ternary semirings have been introduced and
examined. This study explores the properties of
fuzzy tri-ideals, fuzzy tri quasi-ideals, and fuzzy bi
quasi-ideals wusing a new approach termed
'metatheorem,’ initially proposed by Tom Head [3].
It has been demonstrated that the classes of fuzzy
tri-ideals, fuzzy tri quasi-ideals, and fuzzy bi quasi-
ideals in ternary semirings exhibit the closure under
projection property. The principal aim of employing
this metatheorem is to generalize classical results
into their fuzzy counterparts. Additionally, the
metatheorem facilitates alternative, non-
computational proofs of various results. These proofs
are notably more concise and straightforward. The
concept of fuzzy m-tri-ideals is further explored,
providing characterizations of these ideals in relation
to fuzzy tri-ideals.1. Introduction
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1. Introduction

D. H. Lehmer initiated the exploration of ternary
algebraic structures, known as triplexes, in 1932 [9].
The notion of semirings followed shortly thereafter,
with Vandiver introducing it in 1934 [14]. By 1962,
Hestenes [3] had expanded the study of ternary
algebras, applying them to matrices and linear
transformations. In 2005, Kar [5] defined bi-ideals and
quasi-ideals specifically within the context of ternary
semirings, and further extended this framework by
characterizing fuzzy ideals in ternary semigroups [6].
Dutta and S. Kar [2] advanced the study by focusing on
the properties of regular ternary semirings, while Dubey
and Anuradha [1] developed the concept of prime quasi-
ideals within this setting. Research by Kavi Kumar and
Bin Khasim [8] provided deeper insights into fuzzy
ideals and fuzzy quasi-ideals in ternary semirings.
Additionally, Palani Kumar and Arulmozhi [10] made
significant contributions by introducing different types
of tri-ideals within these algebraic systems.

The generalization of ideals within algebraic
structures has been both an essential and necessary step
for advancing the study of these structures. One-sided
ideals serve as a broadening of classical ideals, while
quasi-ideals further extend this notion by encompassing

both left and right ideals. Bi-ideals represent an
expansion of quasi-ideals. Palanikumar and Arulmozhi
[10] introduced new generalizations in the context of
ternary semigroups, including tri-ideals, bi-quasi-ideals,
tri-quasi-ideals, and quasi-interior ideals, which
generalize bi-ideals, quasi-ideals, and interior ideals.

In 1995, Tom Head [3] introduced a
metatheorem that provided a framework for examining
the core properties of fuzzy algebraic structures. This
metatheoretical approach was subsequently applied to
the analysis of semigroups and semirings in later
research [11, 12, 13]. The metatheorem provides various
techniques to extend classical algebraic results to the
fuzzy setting, serving as a systematic method for
deriving fuzzy counterparts of classical theorems.
Consequently, the clarity and conciseness of the proofs
presented here, in comparison to existing ones,
underscore the effectiveness of the metatheorem
approach as a tool for investigating fuzzy algebraic
structures. Additionally, the metatheorem is utilized to
offer alternative, non-calculative proofs of several
results.

In this paper, we extend various types of tri-
ideals in ternary semirings to the fuzzy context through
the application of the metatheorem. Originally
formulated by Tom Head [3], the metatheorem provides
a framework for deriving fuzzy analogs of classical
results. It is demonstrated that the different classes of
fuzzy ideals remain projection closed.

MSC Number: 16Y602.

2. Preliminaries

For the definitions and basic results of ternary semirings
we refer [1, 2, 5]. Zadeh [15] defined fuzzy set 4 on a
set X as a mapping A:X —[0,1]. Let (S, +, o) be
ternary semiring. Let F(S)(Csg) denotes the set of all
fuzzy subsets (fuzzy subsemirings of ternary semiring S.
Definition 2.1. AeF(S) is called a fuzzy
subsemiring of S if y(x+y)= min{y(x), ¥(y)} and
v (xyz) = min min{A(x), A(y), L(2)} VX, Y,z €S.

Definition 2.2. A € F(S) iscalled a
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(1) fuzzy left (lateral, right) ideal of S if
y(x+y) = and y(xyz) = y(z) (
y(yz) 2 y(y), 7(}y2) 2 (X)) VX, Y,z €S.
(2) fuzzy ideal of Sif y(x+Yy) = y(xy) = y(y) and

ry(xyz) 2 y(y), 7(xyz) =2 y(y) , and y(xyz) > y(x) V X,
y,z€eS.

Definition 2.3. [6] A € Cggis called a fuzzy bi-ideal

(fuzzy interior ideal) of S if
AoSoloSolc A (SodoSodeScA).

Definition 2.4. [6] A € F(S) is called a fuzzy quasi-
ideal of Sif (10S0S)M(S0oAoSWS0So04eS08S)
N(SoSol)c A

Now we briefly study 'metatheorem' formulated by
Tom Head [3] in the year 1995 for a ternary semiring S.
Then the mapping Chi:P(S)— C(S)defined by

Chi(A) = yp is a bijection.

Proposition 2.5. P(S)=C(S) under the
isomorphism Chi.

Definition 2.6 [3] Consider a ternary semiring S,
A€ F(S) and r eJ =[0,1). Then the function Rep :

F(S) - C(S)” is defined by
1 ifA(X)>r
Rep(A)(r)(x) =
PIAN() {0 ifA(X)<r
Proposition 2.7 [3] The function Rep is injective
k k
and Rep(ﬂ /Iij= N Rep(4j) and Rep( U ﬂi):
i=1 i=1 ieM
U Rep(4j), where 1j € F(S) and M is an index set.
ieM

Proposition 2.8. [3] Rep serves as an order
isomorphism of F(S) onto its image I (S).

We introduce two binary operations +, © on S as
follows:

(1) +:F(S)xF(S)xF(S) — F(S)is defined by:
(4 + 22 + A3)(x) =

sup  [min{(41(xq), 42 (x2), 43(x3)}]
X=X tXo+X3
0 if x not expressed as X = x| + X9 + X3
and

(2) o:F(S)xF(S)xF(S) > F(S) is defined by:

(Ao dp 0 25)(x) =

sup  [min{(41(x1), 42 (x2), 43(x3)}]
X=X10X90X3
0 if x not expressed as X = X o Xp o X3

Proposition 2.9. [3] Let S be a ternary semiring.
Then Rep(4 +A2) = Rep(41) + Rep(4p) and
Rep(41 o 4p) = Rep(41) - Rep(4y) for
A1, A € F(S).

Proposition 2.10. [3] Consider C as a collection of
fuzzy sets within a semiring S. We define C as being

projection closed if, for every A € C and for any r € J
, the projection Rep(A)(r) remains an element of C .

Proposition 2.11. [1] Dy, Do (D, Dy) be the classes
of crisp (fuzzy) subsets of a semiring S. Then,

Dy cDo(Dy =Dy) < Dy = D(Dy = D).

Proposition 2.12. [3] (S,+, o) be a ternary
semiring. Consider the algebra-
(F(S), inf,sup, + , o). Let L(dq,d9,..,dy) and

M(dq,d2,...,dy;) be two expression defined over the
variables set {dq,dp,..,dy,} and operations set
{lnf, Sup, + , O} on P(S) Let DI’DZ""’Dm be

projection closed classes of fuzzy sets S and
D;,D5,..., Dy be their respective crisps classes . Then

L(4, 22, Am) REL M (41, 22, .., Am)

holds V 41 inDy,..., A4y in Dy < it holds
V A in Dy,..., 4y in Dy, where REL represent one of

the three symbols <, = or >.

3. Various Fuzzy Tri-ideals in Ternary Semirings

Definition 3.1. 1 € Cggis called a

(1) fuzzy left tri quasi-ideal of S if (SeSoA) M
(AeAeSoSododod)C A..

(2) fuzzy lateral tri quasi-ideal of S if (SoAoS)M
(AoAdo0SodeSolod)cA.

(3) fuzzy right tri quasi-ideal of S if (AoSoS)M
(AoAdodoSeSolol)c A.

(4) fuzzy tri quasi-ideal of S if A is a fuzzy left tri-
quasi-ideal, fuzzy lateral tri-quasi-ideal and fuzzy right
tri-quasi-ideal of S.

Definition 3.2. 1 € Cgg is called a
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(1) fuzzy left bi-quasi-ideal of S if (SoSoA)M
(AeSoldeSeoA)c A.

(2) fuzzy lateral bi-quasi-ideal of S if (SeAoS)M
(ﬂoSoﬂ,oSoﬂ)gﬂ,.

(3) fuzzy right bi-quasi-ideal of S if (10SoS)N
(;{,oSoﬂoSoﬂ,)gﬂ,.

(4) fuzzy bi-quasi-ideal of S if A is a fuzzy left bi-

quasi-ideal, fuzzy lateral bi-quasi-ideal and fuzzy right
bi-quasi-ideal of S.

Definition 3.1. 1 € Cgg is called a

) fuzzy  left  tri-ideal of S if
AoAdoSoSododlolcch.

2) fuzzy  lateral  tri-ideal of S if
AodoSoloSololc A.

3) fuzzy  right  tri-ideal of S if
AododoSoSololc A.

(4) fuzzy tri -ideal of S if A is a fuzzy left tri-ideal,
fuzzy lateral tri-ideal and fuzzy right tri-ideal of S.

Theorem 3.4.C ss 1s projection closed.

Proof. Let AeCg. Then,
A(x+y) = min{A(x), A(y)} and A(xyz) = min{A(x),
A(Y), A2} VxyzeS. To show that Cgg is
projection closed, we establish Rep(1)(N)(x+y) >
min{Rep(2)(1)(x), Rep(A)(N)(y)} and Rep(A)(r)(xyz) =
min{Rep(A)((x), Rep(A)()(y), Rep(A)(N()}
vVXxyzeSandvrel.

Rep(A)(r)(x+y) = min{Rep(2)(r)(x), Rep(2)()(¥)}
vVxyeSandVreJ follows from Theorem 3.4 of
[11] and
Rep(6)(r)(xyz) = min{Rep(5)(r)(X), Rep(5)(N(Y),

vV Xy,zeSand V r e J follows from Theorem 4.1 of
[14].

Theorem 3.5. C|, Cj;, Cy, andCj are projection

closed.

Theorem 3.6. C}, is projection closed.

Proof. Let Ae(Cy. Then AeCg and
AoSoAdoSodc A. Utilizing Theorem 3.4, it is
required to show that Rep(A)(r) er Vrel. For
r e J, we have,

Rep(A)(r) > Rep(AoSoAdoSoA)(r) by Proposition
2.8

=Rep(A)(r) > Rep(S)(r) > Rep(A)(r) > Rep(S)(r) - Rep(A)(r)

by Proposition 2.9.
=Rep(A)(r) o S > Rep(A)(r) o S  Rep(A)(r) -

Thus, Rep(A)(r) e Cb Vrel.
Theorem 3.7. Cjy, is projection closed.

Theorem 3.8. Cq is projection closed.

Proof. Let 1 e Cq . Then A is an additive

subsemi-group of S and
A0SeSN(SeloSUSeSoloSoS)

N SoSo A c A Utilizing Theorem 3.4, it is require d
to show that Rep(A)(r) e Cq Vreld.Forrel,we

have,
Rep(A)(r) 2 Rep(LoSoSM(SeAoSUSoS010S08S)
N SoSoA(r) by Proposition 2.8.
=Rep(A°S < S)(r) N (Rep(SoAoS)(r) URep(SoSoAoSS)(r))
N Rep(S o SoA)(r) by Proposition 2.7.
=Rep(A)(r) > Rep(S)(r) > Rep(S)(r) M (Rep(S)(r) > Rep(A)(r) »
Rep(S)(r) W Rep(S)(r)  (Rep(S)(r) » Rep(4)(r) -
Rep(S)(r)  Rep(S)(r)) NRep(S)(r) = Rep(S)(r) »
Rep(A)(r) by Proposition 2.9.

=Rep(1)(r)eSoS N (SoRep(A)(r)eSwUS S
oRep(A)(r) e SoS)MS oS oRep(A)(r) .

Rep(A)(r) Cq vrel.

Theorem 3.9. qur’ qult* qur* and qu are
projection closed.
Proof. Let AeCygr- Then AeCg  and

(A0S0S)o(AoSoAoSoA)c A. Utilizing Theorem
34, it is required to show that
Rep(A)(r) € qur Vreld.Forreld,wehave,

Rep(A)(r) 2 Rep(A1oSoSMAoSoAoSoA)r) by
Proposition 2.8

=Rep(1oSS)(r)MRep(LoSeoA0oSoA)(r) by
Proposition 2.7.
=Rep(2)(r) > Rep(S)(r) - Rep(S)(r) mRep(A)(r) -

Rep(S)(r) e Rep(2)(r)  Rep(S)(r) o Rep(4)(r) by
Proposition 2.9
=Rep(A)(r) oS oS NRep(A)(r) oS o Rep(A)(r) oS o

Rep(A)(r).
Thus, Rep(A)(r) e qur Vrel.

Theorem 3.10. th| , thlt , thr , and th are
projection closed.

Proof. Let AeGg. Then Ae Css and
(SeSed)n(AeodoSeSododlod)c A . Utilizing
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Theorem 3.4, it is required to show that
Rep(1)(r) € thl Vreld.ForrelJ,wehave,

Rep(A)(r) 2 Rep(SeSeAMAodloSoSololoA)(r)
by Proposition 2.8
=Rep(SoSoA)(r) "Rep(AeAoSoSoAdodod)(r) by

Proposition 2.7.
=Rep(S)(r) > Rep(S)(r) = Rep(2)(r) M (Rep(A)(r) > Rep(A)(r) »

Rep(S)(r)  Rep(S)(r) = Rep(4)(r) > Rep(A))(r) = Rep(A))(r)
by Proposition 2.9
=S o S o Rep(A)(r) N"Rep(A)(r) e Rep(A)(r) S o S o Rep(A)(r)

°Rep(2)(r) > Rep(A)(r).
Thus Rep(A)(r) thl Vrel.

Theorem 3.11. G, Gy Gir, and G are
projection closed.

Proof. Let Ae€Gir. Then AeCg and
AoAdoSodoSodlod A . Utilizing Theorem 3.4, it
is required to show that Rep(1)(r) € Ctilt Vrel. For
r e J, we have,

Rep(A)(r) = Rep(AoAoSeAoSodeA)(r) by
Proposition 2.8

=Rep(A)(r) » Rep(2)(r) » Rep(S)(r) M (Rep(A)(r) -
Rep(S)(r) e Rep(A)(r) o Rep(A)(r) by Proposition 2.9
=Rep(A)(r) > Rep(A)(r) = S oRep(A)(r) S >Rep(A)(r)

oRep(2)(r) .
Thus, Rep(1)(r) € Ctilt Vrel.

4. Fuzzy Tri-ideals of a ternary Semirings

Theorem 4.1. The following statements hold in a
ternary semiring S:

(1) Every fuzzy left (lateral, right) ideal of S is also
a fuzzy left (lateral, right) tri-ideal of S.

(2) Every fuzzy ideal of S is also a fuzzy tri-ideal
of S.

(3) Every fuzzy left (right) bi-quasi-ideal of S is
also a fuzzy left(right) tri-quasi-ideal of S.

(4) Every fuzzy lateral bi-quasi-ideal of S is also a
fuzzy lateral tri-quasi-ideal of S.

Proof. (4) Both the classes, qu“ and thlt of

fuzzy lateral bi-quasi-ideals and fuzzy lateral tri-quasi-
ideals are projection closed by Theorem 3.9 and 3.10.

Therefore,  Cyqit = Gt if and only if
qult gth“ follows from Proposition 2.11. By

Theorem 3.3 of [10], every lateral bi-quasi-ideal of a
ternary ‘semiring S is a lateral tri-quasi-ideals of S and

P(S)=C(S) under the isomorphism Chi, we get,
Chgit < Crqit - Hence Coqie < Giqit -

Analogously the remaining results extends Theorem
3.1, 3.3 of [10] to fuzzy setting.

Theorem. 4.2. The following statements hold in a
ternary semiring S:

(1) Every fuzzy left (lateral, right) bi-quasi-ideal of
S is also a fuzzy tri-ideal of S.

(2) Every fuzzy bi-quasi-ideal of S is also a fuzzy
tri-ideal of S.

(3) Every fuzzy bi-ideal (interior ideal) of S is also a
fuzzy left (lateral, right) tri-ideal of S.

Proof. We establish (3) both the classes Cj,, and
Cij| are projection closed by Theorem 3.7, 3.11.
Therefore, Cjn < Gij| < Cin = Ctji by Proposition

2.11, where C;, and Cy are crisp classes of interior

and left tri-ideals of S. By Theorem 3.6 of [10], in a
ternary semiring S, every interior ideal is a left tri-ideals
and P(S)=C(S) under the isomorphism Chi, we get,

Cin < Gij) - Hence G, < Gyj -

Analogously, the remaining results extends Theorem
3.4, 3.5 and Corollary 3.1 of [10] to fuzzy setting.

Theorem 4.3 Let heCg. Then heG if
Adopodchc Anund forsome 1eC,, ueC
and 0 €.

Proof. We define the classes C = {y € C(S)

where H is a subsemiring of
S:ABCcHcANBNC for some left ideal A,

lateral ideal B and right ideal C of S} and
C={heCgx:aopuocschcanund for some
Ae Cr U E Cb and 5 € Cp}. To show C is projection
closed, let heC. Therefore, heCgg such that
Aopodchc Anund for some AeCyp, ueC
and ueCy. By Proposition 2.8, for rel,
Rep{a o 10 5)(r) < Rep(h)(r) < Rep(am M S)(r)

for reJ . By Proposition 2.7 and 2.9, we have, for
reJ, Rep(a)(r)e Rep(u)(r)e  Rep(d)(r) <
Rep(h)(r) < Rep(a)(r)n Rep(u)(r)n Rep(s)(r)
Since €}, Cj;and C, are projection closed by Theorem
3.5, we have, Rep(1)(r)eC,, Rep(u)(r)eC; and
Rep(S)(r) e C,. Hence Rep(h)(r)e C for some

Vreld. Hence C is Projection closed. Also C;; is
projection closed. Therefore, by Proposition 2.11, D
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The later proposition follows as a ternary
semiring H of a ternary semiring S is a tri-ideal if

AlBlc1 cHc A1 ) Bl r\Cl for some left ideal A,

lateral ideal B, and right ideal C; of S by Theorem 3.7
of [10] and P(S) = C(S) under the isomorphism Chi.

Theorem 4.4.If 1< C),y €Cj; and 6 € C, . Then
@ unynmnoe.

(2) poyoseG;.

Proof. To establish (1), define the classes
Crlt,i ={hhnfaonfz:fyeC, fp eCy, u3eCy}
and Cr,|t,i={/1ﬁ,uﬁ5:/1eC|,,ueC|t,5€Cr}.
To show Cy |t is projection closed, let unynée
Cy It j- For all AeCueCy, 0eCy,
Rep(Anun o)(r) =Rep(A)(r)n
Rep(z)(r) "Rep(d)(r) vr e 3 by Proposition 2.8.
Since C},Cj; and C, are projection closed, we have,
Rep(A)(r) € (., Rep(u)(r) € Ci and
Rep(0)(r) e G, Hence Rep(Anuns)(r)eCy )
vr e J . Therefore Cp |t is projection closed. Also,
Ci; is projection closed. Therefore, by Proposition 2.11,

Crit) € Gi < Crr1< Cii- By Theorem 3.4 of

[10], the intersection of a right ideal, a lateral ideal and
a left ideal of a ternary semiring is a tri-ideal of S and

P(S)=C(S) under the isomorphism Chi, we get,
Cr it < Cyi - Henee, Cp 11 < Gy
To establish (2), define Cy|tj={fiofpof3:
f1€Cy. fpeCl.f3€Cr} and Cpyp j={Aouos:
1eC,ueC, 6eC}. To show Cypp, s
projection closed, let Ao o5 et . Forall 1€ G
. ueGu5eCy, Rep(hopod)r) = Rep(A)(r)o
Rep(u)(r) o Rep(d)(r) vr e 3 by Proposition 2.9.
Since (|,Cjt and C, are projection closed, we have,
Rep(A)(r) € G Rep(1)(r) < Cig and
Rep(0)(r) e C; . Hence Rep(Aoued)(r) e Clitr
vr e J. Therefore Cy ¢ is projection closed. Also,

Cij is projection closed by Theorem 4.12. Therefore, by
Proposition 2.11, Cj it r=Gi < Cjt,r =Cti- By

Theorem 3.2 of [10], the product of a left ideal, a lateral
ideal and a right ideal of a ternary semiring is a tri-ideal

and P(S) 2C(S) under the isomorphism Chi, we get,
C,lt,r < Cyj - Henee, €y py r = Gy -
Theorem 4.5. The following assertions hold in a
ternary semiring S.
(1) Let a € Gjj (Gjit - Giir)and y € G, Then,
any e G (Git Gir)-
(2) a€Gj and y € G, then a Ny € Gj.
(B) aeGjand y Cin(Gog. G The any e G;.
Proof. To establish (1), define the classes
C'[“,i ={ly Nl €Cyj. 11 €Cj} and
Gilj={anyr:aeecGj,r<C} on S By
proceeding same as in Theorem 5.3, it can be shown
casily that Gy is projection closed. Since Cijj is

projection closed, therefore,
Giili =Giil < Ctilj =Ctjj follows from Proposition

2.11. By Theorem 3.8 of [11], the intersection of a left
tri-ideal and an ideal is a left tri-ideal together with

P(§)=C(S) under the isomorphism Chi yields
Ciili = Cyir - Hence, Gjp i <Gl -

Analogously the remaining results extends Theorem
3.8 and Corollary 3.2 of [10] to fuzzy setting.

5. Fuzzy m Tri-ideals in Ternary Semirings

Definition 5.1. Let m >1. Then A € Css is called

) m-fuzzy bi-ideal of S if
AoS"oAoS"o A A

(2) m-fuzzy left tri-ideal of S if
AoAoSMododod ci.

(3) m-fuzzy lateral tri-ideal of S if
AoAdoS"odoSM ool A,

(4) m-fuzzy right tri-ideal of S if AodoAoS"
ododcC A,
(5) m-fuzzy tri-ideal of S if it is a fuzzy right m- tri-

ideal, fuzzy lateral m- tri-ideal and fuzzy left m- tri-
ideal of S.

Definition 5.2. Let m >1. Then 4 € F(S)is

called m-fuzzy quasi-ideal of S if A is an additive
fuzzy sub- semigroup of S and

AoS"MNS"0AoS"NS" oA A.

Note: Throughout this section

WWW.jmest.org

JMESTNA42354487

17318


http://www.jmest.org/

Journal of Multidisciplinary Engineering Science and Technology (JMEST)

ISSN: 2458-9403
Vol. 12 Issue 2, February - 2025

) Cmb » Cmq denotes the classes of m-fuzzy bi-
ideals and m-fuzzy quasi-ideals of S and C,p, Cmq
be their respective crisp classes.

(i) Cm, til»Cm, tilt» Cm, tir» and Cpy, tj denotes
the classes of m-fuzzy (left, lateral, right, tri) ideals of S
and  Cp til» Cm, tilt: Cm, tir and Cpy tj be their
respective crisp classes.

Theorem 5.3. The class Cpyy of all m-fuzzy left
ideals of a ternary semiring S is projection closed.

Proof. Let AeCpp. Then A1eCq and
208MorosM o c A. Utilizing Theorem 3.4, it is
required to show thatRep(1)(r)eC,, VreJ. For
r e J, we have,

Rep(A)(r) > Rep(AoS™M o 108M o 2)(r)
m m
=Rep(2)(r) > (Rep(S)(r)) "~ > Rep()(r) o (Rep(S)(r)) " o
Rep(4)(r) by Proposition 2.9.
= Rep(2)(r) S o Rep(2)(r) - s™ oRep(A)(r)
vVreld.

Thus Rep(A)(r) e Chp Vreld.

Theorem 5.4. The class Cmq of all m-fuzzy bi-
ideals of a ternary semiring S is projection closed.

Proof. Let ,e Cmq . Then AeCg and
20SM ASM10sM Aoy c A . Utilizing Theorem

34, it is required to show that
Rep(A)(r) e Cmq vreld.For reJ,wehave,

Rep(A)(r) > Rep(AoSM AsM o 1o5M As™M o 2)(r)
by Proposition 2.8.

=Rep(4oS™)(r) nRep(S™ o 10 S™)(r) A Rep(s™ o A)(r)

by Proposition 2.7.

=Rep(A)(r) o (Rep(S)(r))" N (Rep(S)(r))" o Rep(2)(r) =

(Rep(S)(r)™ ~ (Rep(S)(r))™ = Rep(A)(r) .by
Proposition 2.9.

=Rep(A)r) o S™ ~ASM o Rep(A)(r) o S™ A S™ o Rep(2)(r)

Thus Rep(A)(r) Cmq vVrel.
Theorem 5.5.
Cm, tilt» Cm, til» Cm, tir ad C, tj are projection

closed.

Proof. Let Ae Cm, tilt -

/IO/IOSm OAOSm oAoAd c A . Utilizing Theorem 3.4,

Then AeCg and

it is required to show that Rep(A)(r) € m. tilt Vrel
.For r € J , we have,
Rep(A)(r) > Rep(Ao4oSMo108™oa0)(r) by

Proposition 2.8
=Rep(4)(r)  Rep(2)(r) » (Rep(S)(r)" o Rep(A)(r)

o(Rep(S)(r))™ o Rep(A)(r) o Rep(A)(r) by Proposition
2.9

=Rep(A)(r) o Rep(2)(r) o S o Rep(A)(r) oS o Rep(A)(r)
oRep(4)(r).

Thus, Rep(A)(r) e Cm tilt Vrel.

Theorem 5.6. Let m>1. Then, following
statements hold in a ternary semiring S:

(1) Every fuzzy left (lateral, right) tri-ideal of S is
also a m-fuzzy left (lateral, right) tri-ideal of S.

(2) Every m-fuzzy bi (quasi) -ideal of S is also a m-
fuzzy tri-ideal of S.

Proof. By Theorems 3.3 - 5.5, the classes
Giil» Giitt» Ctir» Gti - Cm, til Cim, tilt» Cm, tir - Cim, i
Cmp > and Cmq are projection closed. Therefore, the

result of this theorem follows in view of Proposition
2.11, Proposition 2.5 and Theorem 4.1, 4.2 and 4.6 of
[10] by proceeding similar to Theorem 4.1.

Theorem 5.7. If AeCpyandg,heCgs,
then Aogoh, godoh, gohod e Cy -

Proof. We establish that if 2 € Cy, tj and .5

Css,  then ZogoheCpy tj- Define the classes

Ca={1 ZKl ZKZ :T; € Cg and Ky, K,are  subse-

mirings of S} and Cp={1cgeoh:1eCy . 9.he

Css}be crisp and fuzzy classes defined on S. By

proceeding as in Theorem 5.3, it can be established
casily that C , is projection closed. Also, by Theorem

55, Cy tj s projection closed. Therefore, by
Proposition 2.11, CA Qcm ti if and only if

C, =C,, ;i - The later proposition follows in view of
Theorem 4.4 of [10] and P(S)=C(S) under the
isomorphism Chi.

Theorem 5.8. The product of atleast three m-fuzzy
tri-ideals of a ternary semiring S is also a m- fuzzy tri-
ideal of S.

Proof. Define classes, Cp ={T{ToT3:

T.T2.T3eCnti} and Cp ={Beyes:f.7.6e
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Cm i} in S. By proceeding as in Theorem 5.3 by using
Proposition 2.9, it can be shown easily that Cp is

projection closed. Since Cm,ti is projection closed by
Theorem 5.5, therefore, Cp < Cpytj if and only if

Cp =Cmti by Proposition 2.11. By Theorem 4.3 of

[10], the product of atleast three m-tri-ideals of a
semiring S is also a m-tri-ideal of S and P(S) = C(S)

under the isomorphism Chi, we get, Cp < Cptj-
Hence Cp < Cpy tj -

Analogously the subsequent theorem that extends
Theorem 4.8 of [10] to fuzzy setting.

Theorem 5.9. Every l-fuzzy left ideal, m-fuzzy
lateral ideal and n-fuzzy right ideal of a ternary semiring
with multiplicative identity is a l-fuzzy left tri-ideal, m-
fuzzy lateral tri-ideal and n-fuzzy right tri-ideal
respectively.

Theorem 5.10. If JBeCtj, 7y €Cptir and
0 € C tilt- Then Sy o e C tj, where k=max (,
n, m).

Proof. Define the classes
Ci,nm ={11T2T3: T € Cy il T2 € Cn tir . T3 € C il
and k=max(l,n,m)}and
Cinm =18y eCily
€ Cn tir» 0 € Cnp tilt and k=max(I,n,m)}be the classes
defined on S. It can be seen easily that Cj j| . Ch tir

and Cp tjj¢ are projection closed. Similar to Theorem

4.3, it can be shown easily that €}y is projection

closed. The result follows in view of P(S) = C(S) under
the isomorphism Chi, Proposition 2.11 and Theorem 4.9
of [10].

Theorem 5.11. IfA be a m-fuzzy tri-ideal of
ternary semiring S and § be a m-fuzzy tri-ideal of A
such that fSo o = .Then B is a m-fuzzy tri-ideal
of S.

Proof. Define the classes:

C={9)€Cpp j91°91°9) = 9p} and

C={,8€Cr"n tj :BoBoB =P}, where C, \; and

C

m. i are crisp and fuzzy classes of m-tri ideals of A .

It can be show easily that Cm ti

The result follows in view of Proposition 2.11,
Corollary 4.1 of [10] and P(S) = C(S) under the
isomorphism Chi.

is projection closed.

Analogously the subsequent theorem extends
Theorem 4.10 of [10] to fuzzy setting.

Theorem 5.12. If A be a m-fuzzy left (right,
lateral) tri-ideal of ternary semiring S and B be a m-
fuzzy left (right, lateral) tri-ideal of A such that
Pofof=p.Then A isam-fuzzy left (right, lateral)

tri-ideal of S.
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